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We study the properties of a topological Josephson junction made of both edges of a 2D topological
insulator. We show that, due to fermion parity pumping across the bulk, the global parity of the
junction has a clear signature in the periodicity and critical value of the Josephson current. In
particular, we find that the periodicity with the flux changes from 4pi in a junction with an even
number of quasi-particles to 2pi in the odd sector. In the case of long junctions, we exhibit a
rigorous mathematical connection between the spectrum of Andreev bound-states and the fermion
parity anomaly, through bosonization. Additionally, we discuss the rather quantitative effects of
Coulomb interactions on the Josephson current.
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Introduction. One-dimensional topological Josephson
junctions are known to exhibit a 4pi-periodic Josephson
current, a property that arises from a parity constraint
on the number of quasi-particles in the junction [1, 2].
Depending on the precise system at hand, this effect can
be related to the existence of Majorana (bound-)states,
and hence provide a signature of Majorana fermions in
condensed matter [1, 2]. Two prominent proposals for
the realization of 1D topological superconductors include
spin-orbit wires in the presence of a magnetic field [3, 4],
as well as edge states of two-dimensional topological in-
sulators (2D TI) [2], both in proximity to an s-wave su-
perconductor. Experimental evidence of a 4pi Josephson
current was recently reported in spin-orbit wires [5]. A
consequent body of work also describes possible realiza-
tions of qubits using MBS, as well as detailed quantum
computation schemes [6, 7]. A Majorana qubit consists
of four Majorana fermions, which can be combined two
by two into a state described by two fermion numbers
only. By working in a sector of fixed parity, one can
build a qubit using two out of the four available degen-
erate states.
In this Letter, we analyse a topological Josephson junc-
tion constructed on both edges of a ring-shaped 2D TI,
as sketched in Fig. 1. 2D TIs have been realized in
HgTe/CdTe quantum wells [8], as well as recently in
InAs/GaSb systems [9], with normal and superconduct-
ing electrodes [10]. In the normal phase, both edges are
helical liquids and realize a state of perfect Andreev re-
flection at the NS interfaces. At first sight, this system
is a peculiar realization of a spinful 1D Josephson junc-
tion [11–13] with the spin degrees of freedom split in two
spatially separated regions. Although for large enough
widths W of the TI, tunneling between edges and inter-
edge Coulomb interactions are exponentially suppressed,
the two halves of the junction are connected by fermion
parity pumping, as induced by the flux threaded through
the ring [2, 14, 15].
We first analyse the parity constraints on the junction
and propose to use properties of the Josephson current
– periodicity and critical value – to measure the global
parity of the junction. If we were to envision such a
setup as a Majorana qubit, with two Majorana fermions
at each edge, our method would in principle provide a
way to read out the parity of such a qubit [26]. We
also present a detailed analysis of the long junction case
through bosonization, discuss the effect of intra-edge in-
teractions, and comment on the similarities and differ-
ences of this setup with respect to regular spinful Joseph-
son junctions.
FIG. 1: (Color online) Sketch of a topological Josephson
junction. Both edges are contacted by the superconductor
deposited on top of a 2D TI. In the simplest case where Sz is
conserved, solid red (resp. blue dashed) in the normal region
indicate spin up (resp. spin down) electrons. A flux Φ through
the hole induces a phase difference φ/(2pi) = Φ/Φ0 across the
Josephson junction with Φ0 = h/2e.
Setup and parity measurement. The system we have in
mind is a Josephson junction consisting of a 2D topolog-
ical insulator (TI) upon which an s-wave superconductor
is deposited, as pictured in Fig. 1. In contrast with the
original proposal of Ref. 2, and subsequent studies [16],
we assume that a proximity gap ∆0 opens at both edges.
In the normal region, a discrete spectrum of Andreev
bound states (ABS) develops at each edge. Their ener-
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2gies depend on the phase difference φ across the junction,
which can be induced by a magnetic flux.
For sufficiently large width of the TI, edge states on
different edges do not interact and the Josephson cur-
rent of the junction is given by the sum of two one-
dimensional currents mediated by the upper and lower
edges. Each current, taken separately, is a 4pi periodic
function of the phase difference, owing to the fermion
parity anomaly [2] of the topological junction. The expla-
nation of the anomaly relies on the following observation:
while the edge Hamiltonian is 2pi periodic in the phase
difference φ, its eigenstates are not. Due to particle-
hole symmetry of the Bogoliubov-de Gennes Hamilto-
nian, each ABS at excitation energy ε comes with a part-
ner at −ε. These two states differ by their fermion parity.
When the phase is advanced by 2pi, the system switches
between them, and therefore changes parity: an extra
quasi-particle has been added to the edge. In an ideal
environment, that is, in the absence of quasi-particle poi-
soning, parity is conserved and the system can only re-
turn to its ground state by advancing again the phase
by 2pi, thereby adding (or removing) a quasi-particle and
restoring the parity. The origin of the extra quasi-particle
lies in the topology of the 2D band insulator, and the
existence of a second pair of edge states. In the geom-
etry of Ref. 2, as φ is advance by 2pi, a unit of fermion
parity is pumped across the sample, from one edge to
the other. In the present case of Fig. 1, this so-called
Z2 pumping [2, 14] effectively transfers a quasi-particle
between ABS at the lower and upper edges. As a con-
sequence, even though the fermion parity at each edge
changes when φ advances by 2pi, the global fermion par-
ity of the junction is conserved.
We write the Josephson current J of the junction as
Jσ,σ′ [φ] = Iup,σ[φ] + Idown,σ′ [φ] , (1)
where σ = ± (resp. σ′ = ±) indicates the fermion num-
ber parity (+ being for even and − for odd) of the upper
(resp. lower) edge. The total fermion parity of the junc-
tion is Σ = σσ′. In Eq. (1) and in the following, we
use the letter J for the total current and the letter I
for the edge currents. A striking feature of the setup is
that the periodicity of the Josephson current depends on
the parity of the junction. For an even fermion number
(Σ = 1), the current switches between J+,+ and J−,− at
φ = pi mod 2pi, and is thus 4pi-periodic in φ. On the
other hand, the odd current (Σ = −1) is 2pi-periodic.
Indeed, it switches at φ = pi mod 2pi between J+,− and
J−,+, which are equal functions, provided the upper and
lower edges are identical, that is, Iup,σ[φ] = Idown,σ[φ].
In addition, the parity of the junction is reflected in
the value of the critical current JΣ,c. Indeed, at a given
edge, a change of parity reverses the direction of the cur-
rent, that is, sign Iup,+[φ] = −sign Iup,−[φ], and a similar
relation for the lower edge. In the even sector, currents
at both edges flow in the same direction, while in the odd
sector they flow in opposite directions. As a consequence,
the value of the critical current in the odd case, J−,c is
reduced with respect to that in the even case, J+,c. The
exact ratio J−,c/J+,c between even and odd critical cur-
rents depends on the length L of the junction. In the
short junction regime, L ξ with ξ = vF /∆0 the coher-
ence length of the superconducting region, one has, at
zero temperature, Iup,±[φ] = Idown,±[φ] = ±Ic sin(φ/2)
[2]. Therefore, the even critical current is just J+,c = 2Ic,
while the odd critical current vanishes, J−,c = 0. Note
that the odd current actually vanishes for all values
of φ since Iup,σ[φ] = −Idown,−σ[φ]. The long junc-
tion regime, L  ξ, was studied in Ref. 16. In that
case one finds Iup,+[φ] = Idown,+[φ] = I
′
cφ/(2pi) and
Iup,−[φ] = Idown,−[φ] = I ′c(φ/(2pi)− sign φ). As a conse-
quence, J+,c = 2I
′
c and J−,c = I
′
c. In summary, the ratio
of critical currents in the odd and even case interpolates
between J−,c/J+,c = 0, for L  ξ and J−,c/J+,c = 1/2,
for L ξ.
Long junction regime and bosonization. The long junc-
tion regime is interesting for two reasons. First, it should
be of experimental relevance, as argued in Ref. 16. Sec-
ond, it allows to make a clear mathematical connection
between the spectrum of ABS and the fermion parity
anomaly, through bosonization. At a given edge, helicity
imposes perfect Andreev reflection and a non-degenerate
spectrum of ABS. In the low-energy limit, ε  ∆0, the
ABS spectrum is given by [17]
ε =
pivF
L
(
n+
1
2
± φ
2pi
)
with n ∈ Z . (2)
In the case of a non-helical, one-dimensional Josephson
junction, this spectrum would be twice degenerate due
to the spin 1/2 of the electrons. On a 2D topologi-
cal insulator, the spin degree of freedom of the junc-
tion is splitted between the two edges, which are sep-
arated by the insulating bulk. As was first recognized
in Ref. 12, the spectrum of Eq. (2) is the one of 2
branches of counter-propagating fermions with a linear
spectrum and twisted boundary conditions (TBC) on a
segment of size 2L. Indeed, at low-energy, one can write
energy-independent boundary conditions for the fermion
operators. At the upper edge, ψR,↑(0) = iψ
†
L,↓(0) and
ψR,↑(L) = −ieiφψ†L,↓(L) which implies
ψR,↑(x+ 2L, t) = −e−iφψR,↑(x, t) , (3a)
ψL,↓(x+ 2L, t) = −e−iφψL,↓(x, t) , (3b)
as well as a relation between right and left movers,
ψR,↑(x, t) = −iψ†L,↓(−x, t) , (4)
for x ∈ [−L,L]. One can then write an effective Hamil-
tonian for the normal region only with the appropriate
3boundary conditions. Starting from the Hamiltonian of
the normal region, at the upper edge, we obtain
Hup =
1
2
∫ L
0
dx Ψ†(x)HBdGΨ(x) (5)
with HBdG = −ivF∂xσzτz the Bogoliubov-de Gennes
Hamiltonian, and Ψ = (ψR,↑, ψL,↓, ψ
†
L,↓,−ψ†R,↑)T . σz
(resp. τz) is a Pauli matrix acting on the spin-1/2 (resp.
particle-hole) degree of freedom. At low energies, using
Eq. (4), the Hamiltonian of Eq. (5) can be unfolded on
the segment [−L,L] as
Hup = i
vF
2
∫ L
−L
dx
[
−ψ†R,↑∂xψR,↑ + ψ†L,↓∂xψL,↓
]
(x) ,
(6)
with the TBC of Eqs. (3a) and (3b). We then recover
the spectrum of Eq. (2). The particle-hole symmetry can
be made explicit upon Fourier transform and further use
of Eq. (4). Taking the superconducting gap to infinity,
∆0 → ∞, we derive the following normal-ordered form
of the Hamiltonian
Hup =
∑
n∈Z
vFpi
2L
(
n+
1
2
− φ
2pi
)
: c†R,ncR,n − cR,nc†R,n : ,
(7)
where ψR,↑(x, t) =
1√
2L
∑
n e
iknxcR,n , with the momen-
tum kn quantized as kn = (pi/L)(n+ 1/2−φ/(2pi)). The
spectrum of ABS reduces to that of a single band of
fermionic quasi-particles with states labeled by an integer
n. In this form, states with opposite energies obvioulsy
differ in their fermion parity. Note that normal-ordering
substracts an infinite ground-state energy coming from
quasi-particle states below the Fermi energy, EF = 0.
This constant is independant of the phase and therefore
does not affect the Josephson current.
As the spectrum is unbounded, the Hamiltonian of
Eq. (7) is invariant under the transformation φ→ φ+2pi
and n− 1→ n. This transformation leaves the spectrum
invariant but changes the parity of the ground-state. In
this form, the model satisfies all the criteria – a band
of fermions with an unbounded, discrete spectrum – for
rigorous bosonization [18]. The bosonization transforma-
tion reads as
ψR,↑(x, t) ≡ FR
1√
2pia
ei
pi
L (NˆR+ 12− φ2pi )xe−iφ˜R(x) . (8)
Here, φ˜R(x) is a chiral bosonic field, periodic on [−L,L],
with the following Fourier decomposition
φ˜R(x) = −
∑
q>0
√
pi
Lq
(
eiqxbR,q + e
−iqxb†R,q
)
e−aq/2 , (9)
where q = npiL , n ∈ N∗. The bosonic operators b†R,q
and bR,q create and annihilate particle-hole excitations
on top of the Fermi sea. NˆR is an operator counting the
number of fermions with respect to the Fermi sea [27].
FR is the so-called Klein factor that lowers the fermion
number by one. The factor a is a regularization factor.
Upon normal-ordering e−iφ˜R(x), it can be safely taken
to be zero. In practice however, it can be retained and
plays the role of a high-energy cutoff on the otherwise un-
bounded theory. Here, one should take a ' ξ = vF /∆0.
Using Eqs. (8) and (9), the Hamiltonian (7) takes the
bosonized form [18]
Hup =
vFpi
2L
(
NˆR − φ
2pi
)2
+ vF
∑
q>0
q b†R,qbR,q . (10)
Obviously, the transformation φ → φ + 2pi, changes the
topological number NR by 1, a reflection of the fermion
parity anomaly. As the Hamiltonian now naturally sepa-
rates between a phase-dependent topological sector – the
number of quasi-particles in the junction– and a non-
topological sector – the phase-independent particle-hole
excitations – the computation of the current at one edge,
taking into account the parity constraints, is straightfor-
ward:
Iup,±[φ] = −2e~
1
β
∂
∂φ
lnZtup,±[φ] (11)
with
Ztup,±[φ] =
∑
NR∈Z
even/odd
e−β
~piv
F
2L (NR−φ/(2pi))2 , (12)
the topological part of the partition function. The parity
constraint is simply reflected in the parity of the quasi-
particle number NR. Interestingly, these partition func-
tions can be expressed analytically in the form of Jacobi’s
elliptic theta functions [28], and we find for the currents,
Iup,±[φ] = e
vF
L
φ
2pi
− 2e
~β
∂φ ln θ3/2 [z(φ), q] , (13)
for |φ| < pi. We have defined z(φ) = iβ ~pivF2L φpi and
q = e−2β
~piv
F
L . We have checked that our Eq. (13) and
the formula of Beenakker et al. [16] for the long junc-
tion Josephson current, although seemingly different, co-
incide in the limit ∆0 → ∞ [29]. In particular, the odd
current develops a discontinuity at φ = 0, as β → ∞.
Our bosonization approach is restricted to long junctions,
nevertheless it has the conceptual advantage of putting
the emphasis on the fermion parity anomaly through a
simple counting of quasi-particles, and leads to a very
simple formula for the current.
Now, we include the lower-edge, which is most easily
achieved by exchanging ↑ and ↓ indexes in Eqs. (5) and
(6). The effective low-energy Hamiltonian at the lower
4edge then reads
Hdown =
∑
n∈Z
vFpi
2L
(
n+
1
2
+
φ
2pi
)
: c†L,ncL,n− cL,nc†L,n : ,
(14)
where ψL,↑(x, t) =
1√
2L
∑
n e
−iknxcL,n with the momen-
tum kn quantized as kn = (pi/L)(n + 1/2 + φ/(2pi)). In
bosonized form,
Hdown =
vFpi
2L
(
NˆL + φ
2pi
)2
+ vF
∑
q>0
q b†L,qbL,q . (15)
Again, the transformation φ→ φ+2pi, changes the topo-
logical numberNL by 1. The combination of both Hamil-
tonians, (10) and (15), illustrates the transfer of fermion
parity from one edge to the other, as the phase is ad-
vanced by 2pi. A specific example is given in Fig. 2.
Note that one could also write Hdown in terms of right
movers only. This freedom of choice comes from Eq. (4),
and is due to particle-hole symmetry. It illustrates the
important fact that only fermion parity is well defined
at the edges. The partition function of the lower edge,
Ztdown,±[φ], is given by analogy with Eq. (12). One can
check, by making the change of variables NL → −NL,
that Idown,±[φ] = Iup,±[φ]. The partition function of
the junction is simply Ztσ,σ′ = Z
t
up,σ × Ztdown,σ′ and the
Josephson current is indeed the one of Eq. (1).
FIG. 2: (Color online) (a) Illustration of the fermion parity
(Z2) pumping between the upper and lower junctions. (b)
We show the linear spectra of Eqs. (7) and (14). At φ = 0,
we assume that all states with negative energy (n < 0) are
filled and all states with positive energy (n ≥ 0) are empty,
therefore NR = NL = 0. Following Eqs. (10) and (15), chang-
ing the flux by 2pi transfers one quasi-particle from the upper
edge to the lower edge.
Effects of interactions. Coulomb interactions at the
edges can easily be included in the long junction regime
on the basis of the bosonization method. Assuming for
now that inter-edge interactions are made negligeable by
screening, the Hamiltonian at either edge conserves its
simple low-energy form with only renormalized coeffi-
cients:
Hup =
vN,upi
2L
(
NˆR − φ
2pi
)2
+ vs,u
∑
q>0
q B†R,qBR,q ,
(16a)
Hdown =
vN,dpi
2L
(
NˆL + φ
2pi
)2
+ vs,d
∑
q>0
q B†L,qBL,q ,
(16b)
where we have allowed for the possibility of different in-
teraction strengths at each edge. The new bosonic oper-
ators B and B† are related to the original b and b† by
a Bogoliubov transformation [19]. Quite generally, for
short-range interactions, we have vN,α = vF − g2,α/(2pi),
where g2,α is the original interaction between right and
left movers at each edge. The Josephson current is sim-
ply obtained by replacing vF by vN,α in Eq. (13). The
effects of repulsive interactions is therefore to reduce the
Josephson current, as was first discovered in the spin-
ful case [12]. One should note that our original predic-
tion on the relation between parity and periodicity will
not hold in the case vN,u 6= vN,d, since it would imply
Idown,±[φ] 6= Iup,±[φ]. However, the ratio of critical cur-
rents in the odd and even cases is unaffected by interac-
tions. Similar conclusions can be reached in the case of
equal interactions but unequal lengths of the junctions.
Another interesting question raised by this particu-
lar setup is its relation to the well-known case of a 1D
spinful Josephson junction [11–13, 20]. One difficulty in
that case is to incorporate both Andreev reflection and
backscattering at the edge. The bosonization treatment
of Ref. 12 was built on the assumption of perfect An-
dreev reflection, which needed to be corrected to account
for normal reflection. The case of helical liquids provide
a natural realization of the assumption of perfect An-
dreev reflection. The present setup can be thought of as
a way to split the ABS of the spinful liquid in two halves,
spatially localized in two different regions, the edges, sep-
arated by the bulk gap. As we have seen, although the
spin degeneracy is recovered, contrary to the single-edge
junction of Ref. 2, the parity pumping across the topo-
logical insulator entails very different predictions for the
Josephson current. Note that, in a situation where the
fermion parity would not be conserved – for instance if
quasi-particle poisoning is important [21, 22] – one sim-
ply recovers the Josephson current of the spinful liquid (a
sawtooth with period 2pi), by letting the fermion number
in Eq. (12) run over both even and odd integers.
Discussion. In summary, we have studied a topological
Josephson junction involving both edges of a 2D TI. Due
to fermion parity pumping across the bulk, this system
differs greatly from the usual 1D spinful junction. We
have put forward a possible non-destructive measurement
of the global parity, that includes the effect of intra-edge
interactions. As a closing remark, let us briefly elaborate
5on inter-edge interactions. So-called g1,‖ processes [23] do
not change the local fermion number and can be easily
incorporated in the bosonization treatment, leaving our
general conclusions unchanged. On the other hand, upon
inclusion of g1,⊥ processes, the Hamiltonian no longer
commutes with the fermion number, and a simple ex-
pression of the partition function as in Eq. (12) a priori
no longer exists. Another interesting open question is the
influence of disorder on our results [24], in which case the
two Josephson currents could be separately modified.
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Supplementary material
In this supplementary material, we outline some steps about the various transformations leading from the Andreev
bound-states (ABS) spectrum to the bosonized form of the junction Hamiltonian. Our approach is based on the work
by Maslov et al. [12] on spinful 1D Josephson junctions, yet we use somewhat different bosonization conventions that
are specified below.
A. Bosonization of the ABS spectrum
For clarity, we now concentrate on the upper edge, where we have assumed that right movers have spin up and left
movers spin down. In the junction, a right moving electron can be reflected as a left moving hole, or a left moving
electron as a right moving hole. At a given energy ε and phase difference φ across the junction, these processes give
rise to two kinds of bound states with the constraint
2εL/vF ± φ− 2arccos(ε/∆0) = 2pin , n ∈ Z . (17)
6In the low-energy regime, ε ∆0, the spectrum of ABS becomes linear,
εn =
pivF
L
(
n+
1
2
± φ
2pi
)
, n ∈ Z , (18)
and one can write effective boundary conditions for the fermionic operators,
ψR,↑(x+ 2L, t) = −e−iφψR,↑(x, t) , (19a)
ψL,↓(x+ 2L, t) = −e−iφψL,↓(x, t) , (19b)
as well as a relation between right and left movers,
ψR,↑(x, t) = −iψ†L,↓(−x, t) (20)
on an extended segment [−L,L] [12]. One can take advantage of equations (19a) and (19b) and unfold the Bogoliubov-
de Gennes Hamiltonian of the normal region, on a fictitious ring of size 2L,
Hup = i
vF
2
∫ L
−L
dx
[
−ψ†R,↑∂xψR,↑ + ψ†L,↓∂xψL,↓
]
(x) (21)
with twisted boundary conditions. Note that for φ = 0, ψR,↑ and ψL,↓ satisfy anti-periodic boundary conditions. We
introduce the following Fourier transforms for right and left movers,
ψR,↑(x, t) =
1√
2L
∑
n
ei
pi
L (n+
1
2+
φ
2pi )xcR,↑,n , (22a)
ψR,↑(x, t) =
1√
2L
∑
n
e−i
pi
L (n+
1
2− φ2pi )xcL,↓,n . (22b)
The chiral constraint (20) imposes cR,↑,n = −ic†L,↓,−n−1. We then Fourier transform Eq. (21) into
Hup =
vF
2
∑
n∈Z
pi
L
(
n+
1
2
− φ
2pi
)
c†R,↑,ncR,↑,n +
pi
L
(
n+
1
2
+
φ
2pi
)
c†L,↓,ncL,↓,n . (23)
In order to bosonize the Hamiltonian (21), one must let ∆0 → ∞ and work with an unbounded spectrum. This
approximation should hold at low enough temperatures, T  ∆0. Note that, as far as the computation of the
Josephson current is concerned, this amounts to neglecting the continuum of quasi-particles above the gap. We
now define the 0-(quasi)particle ground state as the state with filled fermionic levels below EF = 0, and substract
its (infinite) energy value from the Hamiltonian. This procedure is equivalent to normal-ordering of Eqs. (21) and
(23) [18]. As stated in the main text, this (infinite) constant is independent of the phase φ: normal-ordering does
not affect the Josephson current, it is a mere redefinition of the energy scale. We can now use the exact bosonization
relations [18], for right and left movers,
ψR,↑(x, t) ≡ FR,↑
1√
2pia
ei
pi
L (NˆR,↑− 12− φ2pi )xe−iφ˜R,↑(x) , (24a)
ψL,↓(x, t) ≡ FL,↓
1√
2pia
e−i
pi
L (NˆL,↓− 12+ φ2pi )xe+iφ˜L,↓(x) . (24b)
Here, φ˜R,↑ and φ˜L,↓ are two chiral bosonic fields, periodic on [−L,L]. NˆR,↑ and NˆL,↓ are operators counting the
number of quasi-particles with respect to the 0-(quasi)particle ground state. FR,↑ and FL,↓ are the so-called Klein
factors. The chiral relation (20) implies
FR,↑ = −iF †L,↓ , (25a)
NˆR,↑ = −NˆL,↓ , (25b)
φ˜R,↑(x) = φ˜L,↓(−x) . (25c)
7Then, the bosonized form of the Hamiltonian reads as
Hup =
vF
2
pi
2L
(
NˆR,↑ − φ
2pi
)2
+
vF
2
∫ L
−L
dx : (∂xφR,↑(x))
2
: +
+
vF
2
pi
2L
(
NˆL,↓ + φ
2pi
)2
+
vF
2
∫ L
−L
dx : (∂xφL,↓(x))
2
: , (26)
which, using Eqs. (25), can be expressed in terms of one species only (e.g. right movers with spin up) as
Hup =
vFpi
2L
(
NˆR,↑ − φ
2pi
)2
+ vF
∫ L
−L
dx : (∂xφR,↑(x))
2
: . (27)
This latter form emphasises the particle-hole symmetry of the ABS spectrum. Indeed, the Bogoliubov-de Gennes
equations have particle-hole symmetry, that is, for each state with energy ε there exists a state with energy −ε. This
is apparent in Eq. (18), as εn = −ε−n−1, and can be made explicit in Eq. (23), by making use of the chiral relation:
Hup =
∑
n∈Z
n(φ) :
(
2c†R,↑,ncR,↑,n − 1
)
: , (28)
with n(φ) =
vFpi
2L
(
n+ 12 − φ2pi
)
. Thus, a single species of fermions is sufficient to describe the ABS spectrum, with
the prescription that empty and filled levels have opposite energy. In the long junction regime, this formulation puts
extra emphasis on the fermion parity. The Hamiltonian (27) is the bosonized form of (28). Note that our choice to
write the Hamiltonian in terms of right-movers with spin up only is arbitrary. Particle-hole symmetry of the BdG
Hamiltonian also allows to work with left-movers with spin down only
Actually, calling half of the ABS right movers and the other half left movers is also completely arbitrary. Indeed,
they both consist of a superposition of particles and holes moving in opposite directions. Our choice nevertheless
coincide with the direction of propagation of the supercurrent in the junction. Only the spin index is relevant since a
given Andreev bound-state has a well defined spin projection in our problem.
B. Intra-edge interactions
We continue to focus on the upper-edge and introduce the following interaction Hamiltonian between right and left
movers as,
Hint = g2
∫ L
0
dx : ρR,↑(x)ρL,↓(x) : , (29)
and extend it to the segment [−L,L],
Hint =
g2
2
∫ L
0
dx : ρR,↑(x)ρL,↓(x) : +
g2
2
∫ 0
−L
dx : ρR,↑(−x)ρL,↓(−x) : . (30)
We then use ρR,↑(x) = NR,↑/(2L) + ∂xφR,↑(x)/(2pi) and ρL,↓(x) = NL,↓/(2L) + ∂xφL,↓(x)/(2pi), as well as Eq. (25),
to find, after a few lines of algebra,
Hint = −g2
2
Nˆ 2R,↑
2L
− g2
2
1
(2pi)2
∫ L
−L
dx : ∂xφR,↑(x)∂xφR,↑(−x) : . (31)
Let us point out that the interactions between quasi-particles have opposite sign with respect to the original interaction
between fermions. A similar non-local interaction is obtained in a 1D wire with open boundary conditions [19], however
with the sign of interactions unchanged. This is essentially because in the open boundary case NL,↓ = NR,↑ whereas in
the present case NL,↓ = −NR,↑. After a Bogoliubov transformation we arrive at the following bosonized Hamiltonian
in the presence of interactions,
Hup =
vNpi
2L
(
NˆR − φ
2pi
)2
+ vs
∑
q>0
q B†R,qBR,q , (32)
8with
vN = vF (1− g2/(2pivF )) , (33)
and
vs = vF
√
1− g 22 /(2pivF )2 . (34)
The Bogoliubov transformation that relates B†R,q and BR,q to b
†
R,q and bR,q is
bR,q = cosh(ϕ)BR,q − sinh(ϕ)B†R,q (35)
with tanh(2ϕ) = g2/(pivF ) [19].
C. Plots of the Josephson current
We now present a few plots of the Josephson current in the various situations described in the main text. First let
us recall the expression for the current at one edge from Eq. (13) of the main text,
Iup,±[φ] =
eET
~
φ
2pi
− 2e
~β
∂φ ln θ3/2 [z(φ), q] , (36)
for |φ| < pi. We have defined z(φ) = iβ piET2 φpi and q = e−2βpiET , and introduced the Thouless energy ET = ~vF /L.
The interacting result is obtained by replacing vF by vN . In Fig. 3 we compare our result to the results of Beenakker
et al. [16], in the appropriate regime. Our formula reproduce their scattering formula in the limit ∆0 →∞ (see their
Eq. (18-20) and (A23)). The current outside of the reduced zone can be obtained by defining a piecewise function
that switches between Iup,+[φ] and Iup,−[φ] at φ = pi mod 2pi. Note that Eq. (36) provides an alternative way as
Iup,+[φ+ 2pi] = Iup,−[φ]. One can therefore plot Iup,+[φ] (or alternatively Iup,−[φ]) for all values of φ and still obtain
the correct Josephson current. This is reminiscent of the short junction limit where Iup,±[φ] = ±∆0/2 sin(φ/2) and
obviously Iup,+[φ+ 2pi] = Iup,−[φ].
We next turn to the total current of the junction, that is, the sum of the upper and lower currents. In Figs. 4 and
5, we have plotted the two branches of the current JΣ[φ] in the reduced zone |φ| < pi and in the long junction regime.
At low temperatures, ETβ  1, repulsive interactions, vN,α < vF , tend to reduce the value of the critical current.
An important point is that for vN,u 6= vN,d, J+− 6= J−+ and the odd current is no longer 2pi but instead 4pi periodic.
However the ratio of critical currents in even and odd sectors is unaffected.
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FIG. 3: Even (blue solid) and odd (red dashed) Josephson currents in the reduced zone, −pi < φ < pi, in units of eET~ , from
Eq. (36). As ETβ → ∞, I− develops a discontinuity at φ = 0, I+ remains continuous. The filled circles correspond to the
currents computed from the scattering method of Beenakker et al. (see main text). Evidently, the two methods match.
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(a) vN,u = vN,d = 1
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(b) vN,u = 0.8, vN,d = 1
FIG. 4: Total Josephson current in the even sector, in units of eET /~, with ET = ~vF /L, for equal and different values of vN,u
and vN,d. The temperature is fixed to β = 100. The two branches of the current, J++ (blue solid) and J−− (red dashed) are
represented in the reduced zone |φ| < pi. The even current is 4pi periodic in both cases.
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FIG. 5: Total Josephson current in the odd sector, in units of eET /~, with ET = ~vF /L, for equal and different values of vN,u
and vN,d. The temperature is fixed to β = 100. The two branches of the current, J+− (blue solid) and J−+ (red dashed) are
represented in the reduced zone |φ| < pi. For vN,u = vN,d, J+− = J−+ and the odd current is 2pi periodic, while for vN,u 6= vN,d,
J+− 6= J−+ and the current is only 4pi periodic.
